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Undefined standard terminology can be found in [3]. Berge [l] proposed to call a 
graph G perfect if for every induced subgraph H of G the vertices of H can be coloured 
with a number of colours equal to the maximum size of a clique of H, in such a way that 
no two adjacent vertices are assigned the same colour. Later on, Berge [2] conjectured 
that a graph is perfect if and only if it contains no induced subgraph isomorphic to a 
chordless cycle of odd length at least 5 or its complement. This famous conjecture has 
been the object of much research (see, e.g. [4]), but it remains unsolved. An important 
step in the study of perfect graphs is due to Lo&z, who proved that a graph is perfect if 
and only if its complement is perfect [8]. This result also gives a property of minimally 
imperfect graphs (i.e., graphs that are not perfect and such that every proper induced 
subgraph is perfect). Given two integers p, q>,2, a graph G with n=pq + 1 vertices is 
called (p, q)-partitionable [5] if the following conditions hold: 
(i) for each vertex x, G-x can be partitioned into p cliques of size q and into 
q stable sets of size p; 
(ii) G has 12 stable sets of size p and n cliques of size q; 
(iii) each vertex x of G belongs to exactly p stable sets of size p and to q cliques of size q. 
It follows from the result of Lov6sz that every minimal imperfect graph is parti- 
tionable. On the other hand, there exist infinitely many partitionable graphs that are 
not minimal imperfect (see [S]). 
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Naturally, attempts to solve Berge’s Perfect Graph Conjecture can be based on the 
hope of finding interesting properties that characterize minimally imperfect graphs. 
However, among properties of minimally imperfect graphs known so far, most happen 
to also hold for all partitionable graphs. A property will be called genuine if it does not 
hold for all partitionable graphs. In view of an eventual characterization of minimal 
imperfect graphs, it is important to find properties that are genuine.’ 
Two vertices x, y of a graph are called antitwins if every vertex different from x and 
y is adjacent to exactly one of them. In [9], Olariu proved that the absence of 
antitwins is a property of minimal imperfect graphs; and he exhibited a graph due to 
Chvatal which shows that this property is genuine. Subsequently, Chvatal [7] asked 
whether there exist many other partitionable graphs with antitwins. We give here 
a positive answer to this question: we show that there exist such graphs for almost all 
values of the parameters p, q. 
Consider (as in [6]) the graph C&+!i with vertices uO, vi, u2, . . . , upq and edges ViUj for 
( i-j I< q - 1 (indices are taken modulo pq + 1). If p, q k 2, then Cz,;‘i is a (p, q)- 
partitionable graph. For example, C:,, I is the chordless cycle 2p+ 1 vertices, and 
C:;: 1 is the complement of a chordless cycle with 2q - 1 vertices. 
We will say that two vertices of CE,;‘i arefies if they belong to a common stable set 
of size p, and friends otherwise. 
Claim 1. The foes of uO are the vertices uq, uq + 1, uzq, uzq+ 1, . , qp_ l,q, qp_ ljq+ 1. 
Proof. For i = 1,2, . . , p, define 
Clearly, each Ti is a stable set. Thus by (iii), the sets T1, . . . . TP are exactly all the 
maximum stable sets containing ue. Observe that, for i = 1,2, . . . , p- 1, vertex Uiq is in 
Ti+i, and vertex tiiq+ 1 is in Ti. The desired conclusion follows. 0 
Claim 2. Zf p, q > 5, the vertices I_+, and a = uzq+ 3 have no common neighbour and no 
common foe in C4pq;lI. 
Proof. First, the vertices u0 and a have no common neighbour because 2q + 3 > 2q - 1 
and (pq+l-(2q+3)(>2q-1, since ~25. 
Next, let F0 and F, respectively be the sets of foes of u0 and a. By Claim 1, we have 
Fo={~~,~~+l,~2~,~2~+1,...,~(~-l)~,~~~-l)q+l} 
and similarly, by symmetry of the graph Cz,;‘i, 
Fa={naq+3, ~3~+4,04~+3,~4~+4, ...,~(~-1)q+3,~(~-1)~+4, ~29~39 uq+z, u,+3). 
1 The ideas and terminology in this paragraph are due to Stephan Olariu. 
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The inequality 
jq+l<jq+3<jq+4<(j+l)q 
(for 3 < j<p-- I), which holds because q > 5, together with 
2<3<q<q+l<q+2<q+3<2q 
imply that F0 and F, have no common element. 0 
Now suppose that p, q35 and consider the graph G obtained from CE;jl as 
follows: add an edge, if it is not already present, between u,, and each of its friends; add 
an edge between a and each foe of uO. 
Claim 3. G is a (p,q)-partitionable graph, and v,,, a are antitwins of G. 
Proof. By the construction of G and Claim 2, every vertex of G is either a neighbour of 
v0 or a neighbour of a; thus vO, a are antitwins of G. 
To prove that G is partitionable, it suffices to show that G has the same set of 
maximum cliques and maximum stable sets as Cllp;ir. 
By the construction, G has the same maximum stable sets as C;,;‘l because we have 
joined u0 only to its friends and a only to the foes of vO, which are friends of a by 
Claim 2. 
Assume that there is a maximum clique Q of G that is not in C;,;‘r. Then Q must 
contain either v. or a. The clique Q, being of size q, cannot contain vo, for otherwise v. 
would be adjacent to q- 1 consecutive vertices of C;lp;+!r. This would contradict 
Claim 1 which says that in q- 1 consecutive vertices, not all neighbours of uo, there 
is always a foe of vo. The clique Q cannot contain a, because by adding the edges 
of G - C(lpq,! 1 incident to a, we have created cliques of size at most 4 only (whereas 
425). 0 
If p or q is 2, then any (p,q)-partitionable graph is an odd chordless cycle or its 
complement, and it contains no pair of antitwins. 
If p or q is 3, we will use the following result due to Chvatal and Reed [lo]: ‘In 
a (p, q)-partitionable graph, any vertex has at least 2q - 2 neighbours.’ 
Suppose that a (3, q)-partitionable graph G with q 24 has antitwins a, b. We may 
assume that a and b are not adjacent, or else we delete the edge ab. This deletion does 
not create new maximum stable sets because a(G) = 3 and all vertices are adjacent to 
the pair a, b, and does not destroy any maximum clique because a and b have no 
common neighbour and w(G) > 3. Now the disjoint neighbourhoods of a and b to- 
gether with a and b have at least 4q-2 vertices, while G has precisely 3q+ 1. This 
implies q d 3, a contradiction. 
Since a graph and its complement have the same antitwin pairs, the preceding 
paragraph also applies to partitionable graphs with o = 3 and CI > 4. 
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Note that for p=q= 3, the graph C TO has an antitwin pair uo,u5 [9]. So we have 
proved the following. 
Theorem 1. For p, q3 5, there exists a (p, q)-partitionable graph having a pair of 
antitwins. For p, q < 3, there is no (p, q)-partitionable graph having antitwins, except if 
p=q=3. 
The question of the existence of a (p,q)-partitionable graph having antitwins 
remains unsolved when p or q is 4. I conjecture that there is none. 
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